Abstract. Let (A, d) be a differential graded algebra of finite type, if H * (A) is a Gorenstein graded algebra, then so is A. The purpose of this paper is to prove the converse under some mild hypotheses. We deduce a new characterization of Poincaré duality spaces as well as spaces with a nonzero evaluation map.
In this paper, we work over the field of the rational numbers denoted by Q. We prove the converse under some mild hypotheses: We can translate this result from algebra to topology making use of the dga A = C * (S; k) where S is a simply connected space Theorem 2 gives a new characterization of the spaces satisfying Poincaré duality over Q:
Corollary 2. The following statements are equivalent : (i) S is a Poincaré duality space over Q. (ii) S is a Gorenstein space with a nonzero evaluation map and H * (S; Q) is noetherian.
Finally, we prove Theorem 3. Let S be a 1-connected, pointed, Gorenstein space. Then In fact, it is conjectured that only the first alternative occurs.
Algebraic preliminaries
2.1. Definitions. Henceforth, we assume that all objects, vector spaces, algebras, tensor products,. . . are over Q. For definitions and facts about Sullivan models and their connections with rational homotopy theory, standard references are [8] and [14] .
A KS-complex is a commutative differential graded algebra (cdga) (ΛX, d), where ΛX = Exterior(X odd ) ⊗ Symmetric(X even ) is a free commutative graded algebra. The vector space X = X ≥0 has a well-ordered basis {x α } satisfying dx α ∈ Λ(X <α ).
A KS-extension of an augmented cdga A ε − → Q is a sequence of dga maps of the form (A, δ)
Let (A, d) be a dga with underlying graded algebra A # and let M be an Amodule.
(i) M is A-semifree [2] if there exists a filtration by A-submodules
# -free module admitting a basis of cycles.
(ii) A quism (quasi-isomorphism, in other words: a map inducing a cohomology isomorphism) of A-modules P − → M is called an A-semifree resolution of M if P is A-semifree.
For each A-module M , there exists an A-semifree resolution. Let M and N be two A-modules and P − → M be an A-semifree resolution of M , then, by definition,
A Gorenstein space (over Q) is a simply connected space X such that C * (X; Q) is a Gorenstein dga. The formal dimension of A ( [5] , Section 5) is defined by
The socle of H * (A) is defined by
The evaluation map ([5] , (1.4)) is a natural vector space map:
where p is a cycle in P representing 1. We have [7] : im ev A ⊂ socle(H * (A)). For a 1-connected topological space X, ev X denotes ev C * (X;Q) .
Preliminary results.
Recall first two fundamental results about Gorenstein spaces and the evaluation map.
In particular, E is a Gorenstein space over Q if and only if B is a Gorenstein space over Q and H * (F ; Q) satisfies Poincaré duality.
From Theorems 4 and 5, we deduce immediately the following lemma which will be used in the proof of Theorem 2:
) be a KS-extension, with x of odd degree. If A is a Gorenstein dga and if ev
is a Gorenstein dga and ev A⊗Λ(x) = 0.
We also need the next results for the proof of Lemma 6. Indeed, fd(A) = |ω|, where
Theorem 4 implies immediately: 
..,fn) . Finally, we conclude that (A n+1 , d n+1 ) is a Poincaré duality algebra and this shows that H * (A) is a Gorenstein graded algebra.
Proof of Theorem 2
4.1. Proof. Notice that it is sufficient to prove that H * (A) is finite dimensional (Proposition 1, b) . We admit for the moment the following lemma:
• A is a Gorenstein cdga,
• there exists an element ω in the socle of H * (A) whose degree is exactly the formal dimension of A,
Proof of the theorem. Since H * (A) is noetherian, there exists a KS-extension:
) is finite dimensional. Indeed, fix a system of generators for H * (A) and let f 0 , . . . , f N be the ones of even degree. They are finite in number since H * (A) is noetherian. Define the x i such that cl(Dx i ) = f i . The E 2 -term of the Serre spectral sequence of the KS-extension is a H * (A)-module of finite type as H * (Λ(x 0 , . . . , x N )) is finite dimensional. Therefore, the E ∞ -term is a H * (A) /(f0,...,fN ) -module of finite type. As H * (A) /(f0,...,fN ) is finite dimensional, we conclude that H * (A ⊗ Λ(x 0 , . . . , x N )) is finite dimensional also. From the KS-extension above, we define a finite sequence of KS-extensions ( Proof. The previous step together with
x has an odd degree and cl
and
B 0 f i . By the previous step, we conclude. Fourth step. Let ω ∈ socle(H * (A)) such that fd(A) = |ω|, we observe that |ω| ≥ |f|.
Proof. A ⊗ Λ(x) is a Gorenstein dga with finite dimensional cohomology, so that H * (A ⊗ Λ(x)) is a Poincaré duality algebra. Moreover fdH * (A ⊗ Λ(x)) = fd(A ⊗ Λ(x)) = fd(A) + fd(Λ(x)) = |ω| + |x|.
If we suppose that |ω| < |f |, then ω projects on a nontrivial element in H * (A)/(f ). If we call α the Poincaré dual class of ω in H * (A⊗Λ(x)), then |α| = |x|. For degree reason and because cl Dx = 0, we obtain that α is in H * (A)/(f ). This is impossible because ω is in the socle.
Last step. If we suppose that, for each i, f i = 0, then there exists j such that |f j | ≥ |ω|. By step 3, the KS-extension (A, d) → (A ⊗ Λ(y), D) → (Λ(y), 0) with cl(Dy) = f j satisfies also the hypotheses of the lemma, but |f j | ≥ |ω| which is impossible by step 4. This proves that, for some j, f j = 0 and that H * (A) = i=j−1 i=0
B 0 f k , we conclude that H * (A) is finite dimensional. For the converse, it is clear that S is a Gorenstein space and H * (S) is noetherian. By ( [7] , Theorem 1 and the remark after Proposition 2), we have T a (S; Q) ⊂ E(S; Q) where E(S; Q) = Im ev S and T a (S; Q) is the set of the algebraic terminal classes. It is enough to prove that T a (S; Q) is not empty. For this we take the minimal Adams-Hilton model [1] of S : (T W, δ) − → C * (ΩS; Q) with W = s −1 H + (S; Q). As S is a 1-connected Poincaré duality space, H * (S; Q) = H ≤n−2 (S; Q) ⊕ Qω where |ω| = n. Now, write W = V ⊕ s −1 ω and remark that, for degree reason, δs −1 ω ∈ T (V ). Hence, s −1 ω ∈ T a (S; Q) and finally ev S = 0.
